The purpose of this paper is to present some fixed-point and strict fixed-point results in a metric space endowed with a graph, using a contractive condition ofĆirić type with respect to the functional δ. The data dependence of the fixed-point set, the well-posedness of the fixed-point problem, and the limit shadowing property are also studied.
Denote by diam(A) := δ(A, A) the diameter of the set A. Let T : X → P(X) be a multivalued operator and Graphic(T) := {(x, y)|y ∈ T(x)} the graphic of T.
x ∈ X is called fixed point for T if and only if x ∈ T(x), and it is called strict fixed point if and only if {x} = T(x).
The set Fix(T) := {x ∈ X|x ∈ T(x)} is called the fixed-point set of T, while S Fix(T) = {x ∈ X|{x} = T(x)} is called the strict fixed-point set of T. Notice that S Fix(T) ⊆ Fix(T).
We will write E(G) ∈ I(T × T) if and only if for every x, y ∈ X with (x, y) ∈ E(G) we have T(x) × T(y) ⊂ E(G).
For the particular case of a single-valued operator t : X → X the above notations should be considered accordingly. In particular, the condition E(G) ∈ I(t × t) means that the operator t is edge preserving (in the sense of the Jachymski's definition of a Banach contraction), i.e. for each x, y ∈ X with (x, y) ∈ E(G) we have (t(x), t(y)) ∈ E(G) (see [] ). We will also denote by O(x  , n) := {x  , t(x  ), t  (x  ), . . . , t n (x  )} the orbit of order n of the operator t corresponding to x  ∈ X. In this paper we prove some fixed-point and strict fixed-point theorems for singlevalued and multivalued operators satisfying a contractive condition of Ćirić type with respect to the functional δ. Our results also generalize and extend some fixed-point theorems in partially ordered complete metric spaces given in Harjani In the main section of the paper we give results concerning the existence and uniqueness of the fixed point and of the strict fixed point of a Ćirić type (single-valued and multivalued) contraction. Then the well-posedness of the fixed-point problem, the data dependence of the fixed-point set, and the limit shadowing property are also studied. Our results complement and extend some recent theorems given in [] for multivalued Reich-type operators.
Main results
In this section we present the main results of the paper concerning the fixed-point problem and, respectively, the strict fixed-point problem for a single-valued, respectively, of a multivalued Ćirić type contraction. http://www.journalofinequalitiesandapplications.com/content/2014/1/77 Definition . Let (X, d) be a metric space and T : X → P cl (X) be a multivalued operator. By definition, the fixed-point problem is well-posed for T with respect to H if:
as n → ∞.
Definition . Let (X, d) be a metric space and T : X → P(X) be a multivalued operator. By definition T has the limit shadowing property if for any sequence (
In order to prove the limit shadowing property we shall need Cauchy's lemma.
Lemma . (Cauchy's lemma) Let (a n ) n∈N and (b n ) n∈N be two sequences of non-negative real numbers, such that 
for any sequence (x n ) n∈N ⊂ X with x n → x as n → ∞, there exists a subsequence
Let t : X → X be a single-valued operator. Suppose the following assertions hold:
In these conditions we have: (a) (existence) Fix(t) = ∅; (b) (uniqueness) If, in addition, the following implication holds
for all i ∈ N. Then, by (iv), we get
Since ⊂ E(G) we get
Notice now that, from the above relation, it follows that there exists k ∈ N * with k ≤ n such that
In order to show that the sequence (t n (x  )) n∈N is Cauchy, let us consider n, m ∈ N with n < m. Then we have
Thus, we get
Indeed, if we take m ∈ N arbitrary, then by (.), there exists r ∈ N such that  ≤ r ≤ m and
Hence we have
proving (.). Now, we can conclude that
Thus, (.) shows that the sequence (t n (x  )) n∈N is Cauchy and, as a consequence of the completeness of the space, it converges to an element x * ∈ X.
We will show now that x * ∈ Fix(t).
Notice first that, by the property (P), there exists a subsequence (
Letting n → +∞ we get x * ∈ Fix(t).
(b) Suppose that there exist x * , y * ∈ Fix(t) with x * = y * .
Using (i) and the additional hypothesis of (b), we obtain
which is a contradiction.
Remark . Notice that, from the proof of the above theorem, it follows that the sequence (t n (x  )) n∈N converges to x * in (X, d). http://www.journalofinequalitiesandapplications.com/content/2014/1/77
Remark . If in the above theorem, instead of property (P) we suppose that t has closed graphic, then we can reach the same conclusion. Moreover if we suppose that
then we get again Fix(t) = {x * }.
Based on the above theorem, we can prove now our second main result.
Theorem . Let (X, d) be a complete metric space and G be a directed graph such that the triple (X, d, G) satisfies the following property:
(P) for any sequence (x n ) n∈N ⊂ X with x n → x as n → ∞, there exists a subsequence
Let T : X → P b (X) be a multivalued operator. Suppose the following assertions hold:
(x), T(y) ≤ a · max d(x, y), δ x, T(x) , δ y, T(y) , D x, T(y) , D y, T(x) , for all (x, y) ∈ E(G); (ii) there exists x  ∈ X such that, for all y ∈ T(x  ), we have (x  , y) ∈ E(G); (iii) E(G) ∈ I(T × T); (iv) if (x, y) ∈ E(G) and (y, z) ∈ E(G), then (x, z) ∈ E(G).
In these conditions we have: (a) (existence) Fix(T) = S Fix(T) = ∅; (b) (uniqueness) If, in addition, the following implication holds:
(c) (well-posedness of the fixed-point problem) If T has closed graphic and for any sequence
(x n ) n∈N , x n ∈ X with H(x n , T(x n )) → , as n → ∞, we have (x n , x * ) ∈ E(G),
then the fixed-point problem is well-posed for T with respect to H; (d) (limit shadowing property of T) If a <  
and (y n ) n∈N is a sequence in X such that the following implication holds:
then T has the limit shadowing property.
Proof (a) Let  < q <  be an arbitrary real number. Notice first that, for any x ∈ X, there exists u ∈ T(x) such that a q δ(x, T(x)) ≤ d (x, u) . In this way, we get an operator t : X → X which assigns to each x ∈ X the element t(x) ∈ T(x) with
T(x) ≤ d x, t(x)
. http://www.journalofinequalitiesandapplications.com/content/2014/1/77
Then, for (x, y) ∈ E(G), we have d t(x), t(y)
Thus, the operator t satisfies all the hypotheses of Theorem . and, as a consequence, it has a fixed point x * ∈ X. Then x * ∈ Fix(T). If we suppose now that there exists
Using (i) we obtain
(c) Let (x n ) n∈N , x n ∈ X, be a sequence with the property that
and, as a consequence, the fixed-point problem is well-posed for T with respect to H. (d) Let (y n ) n∈N be a sequence in X such that D(y n+ , T(y n )) → , as n → ∞ and let (x n ) n∈N be a sequence of successive approximation of T starting from x  ∈ X, constructed as in the proof of Theorem .. We shall prove that d(x n , y n ) → , as n → ∞.
Let
In what follows we shall prove that d(x * , y n ) → , as n → ∞. Then we have
Now, we can write
If we replace this in the above relation, we get
Continuing this process we shall obtain
If we consider a n = ( a -a ) n and b n = D(y n+ , T(y n )) and using the fact that a <   , we obtain, via Cauchy's lemma, d(x * , y n ) → , as n → ∞. Thus d(x * , y n ) → , as n → ∞, and hence, the operator T has the limit shadowing property.
Remark . If in Theorem ., instead of property (P), we suppose that every selection t of T has closed graphic, then we obtain Fix(T) = S Fix(T) = ∅. Moreover if we suppose that the following implication holds:
Proof Since every selection t of T has closed graphic, the conclusion follows by Theorem ., via Remark ..
Definition . Let (X, d) be a metric space and T : X → P cl (X) be a multivalued operator. By definition the fixed-point problem is well-posed in the generalized sense for T with respect to H if
Remark . If in Theorem . instead of (c) we suppose the following assumption, (c ):
(c ) If every selection t of T has closed graphic and, in addition, we suppose that for any In what follows we shall present some examples of operators satisfying the hypotheses of our main results.
Then all the hypotheses of Theorem . are satisfied, Fix(t) = {} and, if we take
Notice that Fix(T) = S Fix(T) = {(, )} and all the hypotheses in Theorem . are satisfied (the condition (i) is verified for a ≥ , ).
Remark . It is also important to notice that, if we suppose that there exists x ∈ Fix(T) \ S Fix(T), then, since (x, x) ∈ , from the condition (i) in the above theorem (with y = x), we get δ(T(x)) ≤ aδ(T(x)), which implies δ(T(x)) =  (since a < ). This is a contradiction with x ∈ Fix(T) \ S Fix(T), showing that we cannot get fixed points which are not strict fixed points in the presence of the condition (i) of the above theorem. It is an open problem to prove a similar theorem to the above one for a more general class of multivalued operators T.
The next result presents the data dependence of the fixed-point set of a multivalued operator which satisfies a contractive condition of Ćirić type. A second relation of this type will be obtained by interchanging the role of T  and T  . Hence, the conclusion follows by the properties of the functional H.
